This paper combines techniques of potential shaping with those of kinetic shaping to produce some new methods for stabilization of mechanical control systems. As with each of the techniques themselves, our method employs energy methods and the LaSalle invariance principle. We give explicit criteria for asymptotic stabilization of equilibria of mechanical systems which, in the absence of controls, have a kinetic energy function that is invariant under an Abelian group.
Introduction
The method of controlled Lagrangians is a constructive approach to the derivation of stabilizing control laws for underactuated Lagrangian mechanical systems with symmetry and with broken symmetry (Bloch, Leonard and Marsden [l997,1998 ,1999a ,1999b ,1999c , Bloch, Chang, Leonard and Marsden [1999] , Bloch, Chang, Leonard, Marsden and Woolsey [2000] ). As part of this method, we consider control laws that yield closed-loop dynamics in Lagrangian form so that stabilization can be understood in terms of energy shaping. Other relevant work involving energy methods in control and stabilization includes Wang and Krishnaprasad [1992] , Koditschek and Ftimon [1990] , Baillieu1 119931, Spong [1996] , Astrom and f i r u t a [1996], Leonard [1997] , Auckly, Kapitanski and White [1998] and Hamberg [1999] .
This paper combines methods for control of underactuated systems that involve Lie bracket computations (Poisson brackets in the case of Hamiltonian systems) with the controlled Lagrangian technique. In particular, we explore how potential shaping in the sense of van der Schaft [1986] and Marsden [1999,2000] can be combined with kinetic shaping using 0-7803-551 9-9/00 $1 0.00 0 2000 AACC controlled Lagrangians. Assume the given mechanical system has configuration space Q and that a Lie group G acts freely and properly on Q. An important special case is that where Q = S x G with G acting only on the second factor by left group multiplication. For example, for the inverted planar pendulum on a cart, Q = S1 x P with G = R, the group of reals under addition (corresponding to translations of the cart). We are interested in the underactuated problem in which the controls act directly only on the variables lying in G, but all variables in the state space are to be controlled. We suppose that G is a symmetry group for the kinetic energy of the system but the potential energy V need not be G invariant.
Let ea be coordinates for G and xa be coordinates for Q/G. Let the metric tensor g ( -, .) define the kinetic energy i g ( q , q ) and let L : TQ -+ P be the original Lagrangian given by the kinetic minus potential energy:
(xe, e,, 0,O) E TQ is the equilibrium of interest where (xe, 6,) is a critical point of the original potential V .
Potential Shaping.
We first review some of the techniques of potential shaping. To illustrate these, we consider a case where potential shaping alone is sufficient to achieve asymptotic stabilization.
Assume the following definiteness condition:
i.e., the equilibrium is a minimum of the original potential energy in the xa variables. Notice that this excludes the examples treated in the method of controlled Lagrangians where the equilibrium is a maximum of the given potential energy. If (2.1) holds, the To prove the asymptotic stability of the equilibrium, we use the LaSalle invariance principle. By (2.5) and the fact that E has a minimum at (z,,8,,0,0) , there exists a number c E R s;ch that the set R, := { z = ( z " , 8 a , P , 8 a ) E T Q I E ( z ) 5 c } becomes a nonempty, compact and positively invariant set. Define M is the equilibrium itself when the dimension of dC is 2n in a neighborhood of IFE (ze,8,,0, 0) , where n is the dimension of the configuration space Q. Now, consider a more general case where there is a subcodistribution of dC whose locally constant dimension is (2n -1) around the equilibrium. The subcodistribution defines a onedimensional (regular) submanifold of T * Q , which contains the invariant set lFE(M) as well as the equilibrium. Since the equilibrium is .stable and isolated, the flow in the one-dimensional submanifold should converge to the equilibrium if necessary after shrinking the domain. Thus the (bi-)inuaraant set M is the equilibrium itself. By the LaSalle invariance principle, the equilibrium is asymptotically stable. We have proved the following theorem. 
4).
We can also do the above process on the Lagrangian side without explicitly using the symplectic structure on T*Q. The set C corresponds, under the Legendre transformation, to the set 2) = {(d/dt)'Gblk E 0 U RI} where we regard (d/dt)'Gb's as functions defined on TQ by using the given differential equations. Then, Theorem 2.1 still holds with dC replaced by dV. The difference is a matter of computational convenience.
Kinetic and Potential Shaping.
In this section we prove an asymptotic stabilization theorem that is analogous to that in Bloch, Chang, Leonard and Marsden [1999] by combining the previous potential shaping technique with that of kinetic shaping; however, instead of assuming that the potential has the special form V(xa,ea) = Vi(.*) + V2(Oa), we assume a more general form and make hypotheses appropriate to the bracketing methodology.
Bloch, Chang, Leonard and Marsden [1999] considered an equilibrium that is a maximum of the original potential energy in the xa variables, i.e., In (2.3) we cannot make D2&(x,,8,,0,0) definite by any choice of the function V, : G + R Hence, under such circumstances, potential shaping alone cannot succeed. We use kinetic shaping and potential shaping to stabilize such an equilibrium.
We assume that the simplified matching assumptions SM-1-SM-5 as defined in Bloch, Chang, Leonard and Marsden [1999] hold. That is, we assume that gab is constant, gaa,6 = 960," and V satisfies These imply that the one form gacgaedxa is locally exact; therefore, there is a function h : U + g for an open subset U in S = Q/G such that ha(xe) = 0 and Because of (3.1) we can find p and U such that (D2V')11(Xe, Ye) is negative definite. Then, by simple linear algebra, we can find a function which has a maximum at Ye such that D2V'(Xe,Ye) becomes negative definite. Now, we consider the definiteness of Generally, the bracket condition is computationally hard to check. Thus, sometimes, it is better to look into the dynamics on M case by case as we did in Bloch, Chang, Leonard and Marsden [1999] .
Notice that (3.1) is not a part of the hypothesis of Proposition 3.1. Thus, using a similar argument, we can prove a variant of the above theorem: 
